Abstract:
In this paper, we study the existence of positive solutions of a nonlinear m -point p -Laplacian dynamic equation (ϕp(x ∆ (t))) ∇ + w(t)f (t, x(t), x ∆ (t)) = 0, t1 < t < tm, subject to one of the following boundary conditions
Introduction
The theory of dynamic equations on time scales was introduced by Stefan Hilger [14] in his PhD thesis in 1988.
It has been created in order to unify continuous and discrete analysis, and it allows simultaneous treatment of differential and difference equations, extending those theories to so-called dynamic equations. Moreover, the study of time scales has led to a number of significant applications, e.g., in the study of insect population models, heat transfer, neural networks, phytoremediation of metals, wound healing, and epidemic models.
In [18] , Su and Li studied the existence of positive solutions of p -Laplacian dynamic equation
subject to boundary conditions
where φ p (v) = |v| p−2 v with p > 1. They showed that the boundary value problem has at least three positive solutions by using the five functional fixed-point theorem.
In [19] , Sun and Li studied the following p -Laplacian m -point boundary value problem on time scales (φ p (u ∆ (t))) ∇ + a(t)f (t, u(t)) = 0, t ∈ (0, T ), In [20] the authors considered the following p -Laplacian multipoint boundary value problem on time scales:
(ϕ p (u ∆ (t))) ∇ + a(t)f (t, u(t)) = 0,
where
. They provided some sufficient conditions for the existence of multiple positive solutions to the problem by using a fixed point index.
Recently, much attention has been paid to the existence of positive solutions of boundary value problems (BVPs) on time scales; see [1, 6, 9, 10, 13, [15] [16] [17] [18] [19] [20] . However, to the best of our knowledge, there are not many results concerning p -Laplacian dynamic equations with nonlinearity depending on the first order derivative for BVPs on time scales [7, 8, 11] .
Motivated by the above works, in this paper, we consider the existence of at least three positive solutions for a p -Laplacian dynamic equation on time scales, 1) subject to one of the following boundary conditions: [3, 4] will be used here. The interesting point is that the nonlinear term f is associated with the first order derivative explicitly and the main tool is a fixed point theorem due to Avery and Peterson. The results are even new for the special cases of difference equations and differential equations, as well as in the general time scale setting.
Throughout the paper, we will suppose that the following conditions are satisfied: 
, here B and A are nonnegative numbers.
Preliminaries
In this section, we provide some background materials from theory of cones in Banach spaces. The following definitions can be found in the book by Deimling [5] as well as in the book by Guo and Lakshmikantham [12] .
Definition 2.1 Let E be a real Banach space over R. A nonempty closed set P ⊂ E is said to be a cone if it satisfies the following two conditions:
(ii) u, −u ∈ P implies u = 0.
Every cone P ⊂ E induces an ordering in E given by x ≤ y if and only if y − x ∈ P. 
for all x, y ∈ P and t ∈ [0, 1]. Similarly, we say the map γ is a nonnegative continuous convex functional on a cone P of a real Banach space E if γ : P −→ [0, ∞) is continuous and
for all x, y ∈ P and t ∈ [0, 1].
Let γ and θ be nonnegative continuous convex functionals on P, α be a nonnegative continuous concave functional on P, and ψ be a nonnegative continuous functional on P. Then for positive real numbers a, b, c , and d, we define the following sets:
To prove our results, we need the following fixed point theorem due to Avery and Peterson. 
) is completely continuous and there exist positive numbers a, b, and c with a < b such that
Then T has at least three fixed points
3. Existence of multiple positive solutions to (1.1) and (1.2)
In this section, we shall obtain existence results for the problems (1.1) and (1.2) by using the Avery-Peterson fixed point theorem.
We define the real Banach space E = C ∆ [t 1 , σ(t m )] to be the set of all delta-differential functions with continuous delta-derivative on [t 1 , σ(t m )] with the norm
From the fact
. Therefore, define a cone P 1 ⊂ E by
Let the nonnegative continuous concave functional α 1 , the nonnegative continuous convex functional θ 1 , γ 1 , and the nonnegative continuous functional ψ 1 be defined on the cone P 1 by
Proof Since
By Lemma 3.1 and the concavity of x, for all x ∈ P 1 , the functionals defined above hold for the relations
Thus, the condition (2.1) of Theorem 2.4 is satisfied.
Lemma 3.2 If y
2)
has a unique solution
Integrating from t to t m , we get
Integration from t 1 to t yields
i.e.
From (3.5), we get
From (3.3), we have
Thus,
. Therefore, (3.2) and (3.3) have a unique solution 
Proof By Lemma 3.2, we find
If t ∈ (t 1 , t m ), we have
From Lemma 3.2, it is easy to see that BVPs (1.1) and (1.2) have a solution x = x(t) if and only if x solves the equation
We define the operator F :
Taking the delta derivative of (F x)(t), we have
Lemma 3. 
On the other hand, we have
Next we shall prove that operator F is completely continuous.
(1) Operator F is continuous. Because the function f is continuous, this conclusion can be easily found.
(2) For each constant l > 0, let B l = {x ∈ P 1 : ∥x∥ 1,T ≤ l}. Then B l is a bounded closed convex set in P 1 .
∀x ∈ B l , from (3.6) and (3.7), we have
Therefore, F (B l ) is uniformly bounded.
(3) The family {F x : x ∈ B l } is a family of equicontinuous functions. Lett,
B l = {x ∈ P 1 : ∥x∥ 1,T ≤ l} be a bounded set of P 1 .
Ast → t ⋆ , the right-hand side of the above inequality is independent of y ∈ B l and tends to zero.
Similarly, we get
As a consequence of (1)- (3) together with the Ascoli-Arzela theorem we can prove F :
Moreover, we can prove the following result:
In fact, the concavity of (F x) on [t 1 , t m ], t m = 1 and (3.6) imply
which implies that (3.8) holds.
Remark: For convenience, we introduce the following notations. Let
Now we state and prove our main result.
Theorem 3.5 Suppose that (H1)-(H4) hold. Let
L , and assume that f satisfies the following conditions: 
Proof We set out to verify that operator F satisfies the Avery-Peterson fixed point theorem, which will prove the existence of three fixed points of F that satisfy the conclusion of the theorem.
On the other hand,
Therefore,
To check condition (ii) of Theorem 2.4, we choose
It is easy to see that
) and α 1 (x 0 ) > b, and so
Hence, for t ∈ [
Thus, for t ∈ [ 
and combining the condition of α 1 and P 1 , we have by (3.8)
Therefore, condition (i) of Theorem 2.4 is satisfied.
Secondly, by (3.1), we have
Hence, condition (ii) of Theorem 2.4 is satisfied.
Now we prove that condition (iii) of Theorem 2.4 also holds. Obviously, as ψ 1 (0) = 0 < a, there holds
Then, from (H7) of this theorem, we find
Hence, from here, we get
which shows that condition (iii) of Theorem 2.4 is satisfied. On the other hand, for x ∈ P 1 , (3.1) holds.
Thus, all the conditions in Theorem 2.4 are met, and so the BVPs (1.1) and (1.2) have at least three positive solutions x 1 , x 2 , and x 3 such that
The proof is complete. The method is similar to what we have done in Section 3; therefore, we omit the proof of the main result of this section. We consider the Banach space E defined as in Section 3 and define a cone P 2 ⊂ E by
Let the nonnegative continuous concave functional α 2 , the nonnegative continuous convex functional θ 2 , γ 2 , and the nonnegative continuous functional ψ 2 be defined on the cone P 2 by
where n is defined in Section 3.
Lemma 4.1 Let
By Lemma 4.1 and the concavity of x, for all x ∈ P 2 , the functionals defined above hold for the relations
Therefore, condition (2.1) of Theorem 2.4 is satisfied.
Lemma 4.2 If y
∆s. 
We define the operator G :
Taking the delta derivative of (Gx)(t), we have Lemma 3.4 are satisfied, then F P 2 ⊂ P 2 and F : P 2 → P 2 is completely continuous.
Lemma 4.4 Let (H1)-(H4) hold. If conditions 1-3 in the statement of
We have the following result.
Theorem 4.5 Suppose that (H1)-(H4) hold. Let
L , and assume that f satisfies the following conditions:
then the BVPs (1.1) and (1.3) have at least three positive solutions x 1 , x 2 , and x 3 such that
In the following section, we give two examples to explain our results.
Examples
Example 5.1. Let T = {0, 
consider the following BVP on time scales .
By simple calculations, we have If we take a = 72 If we take a = 
